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Abstract. In this paper, we explore holomorphic Segre preserving maps. First, we in- 
vestigate holomorphic Segre preserving maps sending the complexification of a generic 
real analytic submanifold M C of finite type at some point p into the complexifi- 
cation A^' of a generic real analytic submanifold M' C , finitely nondegenerate at 
some point p' . We prove that for a fixed M and M', the germs at {p,p) of Segre sub- 
mersive holomorphic Segre preserving maps sending (M, (PiP)) into {M', (p' ,p')) can be 
parametrized by their r-jets at {p,p), for some fixed r depending only on M and M' . (If, 
in addition, M and M' are both real algebraic, then we prove that any such map must 
be holomorphic algebraic.) From this parametrization, it follows that the set of germs 
of holomorphic Segre preserving automorphisms TL of the complexification of a real 
analytic submanifold finitely nondegenerate and of finite type at some point p, and such 
that TL fixes {p,p), is an algebraic complex Lie group. We then explore the relationship 
between this automorphism group and the group of automorphisms of M at p. 

1. Introduction 

Let M C be a real analytic submanifold of codimension d, with p G M, given 
locally near p by the real analytic defining function p{Z, Z). The complexification M. of 
M is a holomorphic submanifold of C^^ given locally for {Z, Q G x near by 
A^ = {(Z,C):p(Z,C) = 0}. Now assume M is generic (see Section 2), and let M' C C^' 
be a generic real analytic submanifold of codimension rf', with p' G M', and let M.' denote 
its complexification. Consider a holomorphic map Ti : (C^^,(p,p)) (C^^ , (p',p')) 
defined on a neighborhood of {p, p) of the form 

niZX) = {HiZ),HiC)), (1.1) 

where H,H -.C^ ^ C^'. Assume further that H{M) C M'. These maps will be the chief 
object of study in this paper. We will call such a map a holomorphic Segre preserving map 
(HSPM) as it preserves Segre varieties in a sense which will be made precise in Section [2J 
Utilizing the notation '(f{z) := if{z), we observe that if H = H, then H is a holomorphic 
map defined near p sending (M, p) into {M' ,p'). Such maps have been extensively studied. 
However, HSPMs are relatively new and unstudied objects (for related recent work, see 
[T], [2], and [17J). Under certain restrictions, the collection of HSPMs sending M. into Ai' 
is, in a manner to be described in more detail in subsequent sections, "bigger" than the 
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collection of holomorphic mappings sending M into M'. We shall see several examples of 
this in Section O 

For pq G C™", let 7^o(C™') denote the holomorphic tangent space of at Pq. Let 
T^p^Ai C 7(pp)(C^^) denote the set of all vectors of the form X]j=i^iai" + ^j=i^j'^ 
such that XljLi^iai" SjLi^i^f" tangent to M at p. A vector of the form 
Ylf=i S af~ tangent to M at p is known as a holomorphic tangent vector, and a vector of 
the form Ylf=i tangent to M at p is known as an antiholomorphic tangent vector. 
For any HSPM H sending {M, {p,p)) into {M' , ip',p')), V^p^p^H {Tl^,p)M) C Tl^,^p,)M\ 
where I5(p,p)H : 7^p,p)(C2^) 7^p/,p/)(C2^') is defined by P(p,p)7^(£)(¥?) = o 7^) for 
any holomorphic function tp : (C^^', {p',p')) — > C. We say that H is Segre submersive at 
if 

This definition is independent of choice of coordinates for M and M'. 

Given M and M' satisfying certain geometric conditions, our main result, Theo- 
rem [LTl states that the germs at {p,p) of HSPMs, Segre submersive at {p,p), sending 
{M.,{p,p)) into {M.' , {p' , p')) can be parametrized by their r-jets, for some fixed r de- 
pending only on M and M'. This result was motivated by, and is a generalization of, 
results due to Baouendi, Ebenfelt, and Rothschild [6J and Baouendi, Rothschild, and Za- 
itsev [7j. We also mention a recent paper of Lamel and Mir P3] for related results. Before 
stating Theorem 11.11 we present some more notation. Let J^(C^, )(py) denote the 
set of K-jets at p of germs of holomorphic maps from (C^,p) into (C^',p'). (In this 
paper, we assume that (C^ ){p,p') includes only derivatives of positive order.) Let 
jp represent the corresponding K-jet map defined on the set of germs at p of holomorphic 
mappings given by 



/ l<\a\<K 

Theorem 1.1. Let M C be real analytic, generic, and of finite type at p. Let M' C 
be real analytic, generic, and finitely nondegenerate at p' . Then there exist positive 
integers K and r, depending only on M and M' , and -valued holomorphic functions 
$1, . . . , $^ defined on an open subset of x J^(C^, C^')(p,p>) x J^(C^, C^')(p,p/) of the 
form 



$;(z,A,r) = y , '^V/ . {z-p)\ (1.2) 
^gUA)^^Q^(r)*^' 

where si^ and ti^ are nonnegative integers, are C'^' -valued polynomials, and Q[ and 
Q\ are C-valued polynomials with real coefficients, such that the following holds. Let 



i^^(A,r) 
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n{Z,C) = {H{Z),H{Q) he an HSPM sending {M, {p,p)) into {M' , {p\p')) such that H 
is Segre suhmersive at {p,p)- Then there exists 1 < I <r such that 

H{Z) = <^,[z,j;,<{H),j^{H)), (1.3) 

H{0=W,(^C,jf{H),j^{H)), (1.4) 

for (ZX) sufficiently close to {p,p). Furthermore, for any (AojFq) E J^(C^, C^')(py) x 
J^{C^,C^'){p,P') such that Q[{Ao) ^ and QHTq) ^ 0, is holomorphic in a neighbor- 
hood of{p,Ao,To). 

The appearance of in (11.40 is interesting and will be instrumental in the proof of 
Corollary 11.41 The reader is referred to Section [2] for precise definitions of finite type and 
finite nondegeneracy. 

Define 

Aut(M,p) := {H : (C^,p) ^ (C^,p) | H{M) C M, 
H is a germ at p of a holomorphic map, H is invertible at p}, 

and 

Autc(-M, {p,p)) := {n : (C^^, {p,p)) ^ (C^^, {p,p)) I n{M) C M, 
H is a. germ at {p,p) of an HSPM ,H is invertible at {p,p)}. 

We call Aut(M, p) the group of automorphisms of M at p, and we call Autc(A^, {p,p)) 
the group of holomorphic Segre preserving automorphisms of Ai at {p,p)- Let J^(C^) : = 
J^(C^, C^)(p,p) be a simplification of notation, define Gp^C'^) to be the set of all elements 
of J^(C^) which correspond to invertible mappings at p, and define a jet map vj^p^ on 

the set of germs at {p,p) of HSPMs such that for H = {H, H), vfp.p)0<) ■= UpHJpH). 
Theorem 11.11 then leads to the following corollary. 

Corollary 1.2. Let M C C'^ be of finite type at p and finitely nondegenerate at p. Then 
there exists an integer K depending only on M such thatrj^^--^ restricted to Autic{M., {P;P)) 
is a homeomorphism onto a closed, holomorphic algebraic submanifold (Lie group) of 
(C^) X G'^(C^). 

Remark 1.3. We observe that a consequence of Corollary 11.21 is that restricted to 
Aut(M, p) is a homeomorphism onto a closed, real algebraic submanifold (Lie group) of 
G^p{C^). This fact has already been proven in previous work. In the case that M is a hy- 
persurface, it was shown by Baouendi, Ebenfelt, and Rothschild in [4] that j^(Aut(M, p)) 
is a closed, real analytic submanifold (Lie group) of Gp{C^). However, it was not shown 
that it is also real algebraic. This fact was later proven for submanifolds of any codimen- 
sion by Baouendi, Ebenfelt, and Rothschild in [6]. 
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As j^(Aut(M,p)) is a real algebraic submanifold, it is natural to consider its com- 
plexification as a holomorphic submanifold of G'^(C^) x Gp{C^). We will denote this 
complexification C{j^(Aut(M,p)) }. As j^(Aut(M,p)) is real algebraic, it has global 
defining functions, and thus so does its complexification. Similarly, V(^p) (Autc(A^, {p,p))) 
has global defining functions. So a natural question to consider is the relationship be- 
tween C{j^(Aut(M, p)) } and r^^^^ ( Autc ( , {p,p)))- The following corollary says that 
the former is always contained in the latter, and they are necessarily of the same dimen- 
sion. Does equality hold? As it turns out, sometimes there is equality, and sometimes 
there is not. In Section Owe will give examples demonstrating both. 

Corollary 1.4. Let M and K he as m CorollarylLM Let B C (C^) x G^(C^) denote 
the connected component of (^Aut{M,p))^ which contains (Id, Id'), where Id (resp., 
Id') is the point in Gp{C^) (resp., Gp{C^)) corresponding to the identity map on C^. 
Let C C G'^(C^) X Gp{C'^) denote the connected component of r]l^p.^[Aut£{M., {p,p))^ 
which contains {Id, Id') . Then: 

(i) C{j^{Aut{M,p))} Cr]f^.^{AutciM,{p,p))) 

(ii) B = C 

(iii) r]^p-j(^Autc{A4, {p,p))) and C[jp [Aut{M,p))^ are made up of finitely many dis- 
joint cosets of B. 

One of the strengths of Theorem 11.11 lies in the fact that the form of leads to 
Corollaries 11.21 and II. 4[ These functions, however, depend upon the jets of both H and 
H. In Theorem II. 5[ we see that it is in fact possible, though, to find functions which 
express Ti entirely in terms of the L-jets of H (or of H) for some L. In particular, once 
we know H, we also know H, and vice-versa. 

Theorem 1.5. Let M and M' he as in Theorem \l.l\ Then there exist positive integers r 
and L, depending only on M and M' , and C^^ -valued holomorphic functions $^ 
defined on an open suhset of C"^^ x (C^ , )(py) md . . . , $^ defined on an open sub- 
set ofC^^ X J^(C^,C^')(p,p/) such that the following holds. LetH{Z,Q = {H{Z),H{Q) 
he an HSPM sending {M.,{j),p)) into {Jvi' ,{p' ,p')) such that 7i is Segre suhmersive at 
{jp,p). Then there exist I < hjh r such that 

niz,o = ^l{z,c,jiiH)), (1.5) 
niz,o = ^l{z,(,jiiH)), (1.6) 

for {Z,() sufficiently close to {p,p). 

Note that Theorem 11.51 does not necessarily hold if M' is finitely degenerate at p' , as 
the following example demonstrates. 
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Example 1.6. Let M = M' C be given by M = {Im w = \z\^} and its complex- 
ification by = {w — r = 2iz^x'^}j where {z,w) and (x, r) are coordinates on C^. 
We note that M is of finite type but finitely degenerate at 0. Let H{z,w) = {z,w). 
We can find two distinct maps i/i(x,r) and H2{x^t) such that Tii = {H,Hi) and 
7-^2 = {H,H2) both satisfy the hypotheses of Theorem II .51 Indeed, let Hi{x,t) = iXi^) 
and let H2{x,t) = (-x,^)- 

Finally, we present a result on algebraicity. Recall that a real analytic (resp., holo- 
morphic) mapping is said to be real analytic (resp., holomorphic) algebraic if all of its 
components are real analytic (resp., holomorphic) algebraic, and a real analytic (resp., 
holomorphic) submanifold is said to be real (resp., holomorphic) algebraic if it can be 
given by real analytic (resp., holomorphic) algebraic defining functions. 

Theorem 1.7. Let M and M' be as in Theorem and assume that M and M' are 
real algebraic. Then any HSPM sending {M.,{p,p)) into {M',{p',p')) which is Segre 
submersive at {p,p) is holomorphic algebraic. 

The layout of this paper is as follows. In Section [21 we present some additional back- 
ground material. Section [3] contains the reformulations and proofs of three of the main 
results as given in Section 1, while Section H] is dedicated to proving the main results of 
Section 1. Section O consists of several examples of HSPMs and automorphism groups. In 
particular, examples demonstrating both equality and non- equality of C{i^(Aut(M,p)) } 
and ?7^p-) (Autc(A^, ip,p))) are provided. (We refer the reader to [1] for additional exam- 
ples.) 

2. Additional Background 

Let M C be a real analytic submanifold of codimension d. Recall that this means 
that given any p G M, there exists a real analytic function p = (pi, . . . , p^) : (C^ ,p) M.'^, 
satisfying dpi A ... A dpd 7^ at p, such that M is given locally near p by the vanishing 
of p. If, in addition, p, known as the defining function of M, satisfies the stronger 
condition dpi A ... A dpd 7^ at p, then we say that M is generic. If M is generic, it can 
be shown (see, for example, [5J) that there exists a holomorphic change of coordinates 
Z = [z, w) G C^"*^ X C"', vanishing at p, and an open neighborhood of such that in 
these coordinates M is locally given by {{z,w) E Q : w = Q{z, z,w)}, where Q{z,x,t) 
is a C^-valued holomorphic function defined near in C^"'^ x C^^^ x and satisfying 
(5(0, X, t) = Q{z, 0, r) = r. Such coordinates are called normal coordinates. 

A vector field of the form ^l-^i ^)^§" tangent to M near p, where aj are smooth 
functions on M, is called a CR vector field. We say that M is of finite type at p (in the 
sense of Kohn [12] and Bloom and Graham [8j) if the CR vector fields, their complex 
conjugates, and all repeated commutators of these vector fields span the complexified 

tangent space of M at p. Letting {pj)z ■= i^-, ■ ■ ■ ■, '§z~i ^^"^ -^1^ ' ' ' -^rrT' where 
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a = {ai, . . . , am) and Li, . . . , is a basis for the CR vector fields of M near p, we say 
that M is finitely nondegenerate at p if there exists a nonnegative integer K such that 

span{L"{pj)z{p) : \a\ < K,l < j < d} = C^. (2.1) 

We say that M is k-nondegenerate at p if A; is the smallest K for which (12.11) holds. It 
is not difficult to show that if M is given in normal coordinates hj w = Q{z,z,w) then 
M is /c-nondegenerate at if and only if the matrix whose rows are {Qzjx"i^^ 0' ^))\a\<K^ 
^ ^ j ^ N ~ d, has rank N — d for K > k and rank less than N — d ioi K < k. 

Let M C be a generic real analytic submanifold such that p G M, and assume 
that there exists an open neighborhood VL C such that the complexification of M 
is defined on f2 x where *Vt := {Z : Z & Vt}. Given any {ZX) € x we define 
the Segre varieties of M as follows: 

T.Z := {C G *^^:p(^,C) = 0}, 

:= {Z G^]:p(Z,C) = 0}, 

where p(Z, Z) is a defining function for M. Segre varieties are named for the Italian 
geometer Beniamino Segre who first introduced them in 1931 ([I5]). We note here that 
is sometimes referred to as the Segre family associated with M (see, for example, [9], 

For (Z', C) coordinates on x , let M' C C'^ be a real analytic generic 
submanifold, with p' G M', and denote its complexification by Ai' and its Segre varieties 
by S'^, and S^,. Let H : ^ C^^' be a holomorphic map defined near {p^p) sending 
{^A, {p,p)) into {Ai', {p',p'))- Furthermore, we will assume that for any {Z, () e A4, there 
exists {Z', C) G M' such that 

n{{Z} X ^z) C {Z'} X S'^,, (2.2) 

7^(SCX{C})CS'^, x{C'}. (2.3) 

Proposition 2.1. 7^, when restricted to At, is an HSPM of the form (II. ip . 

This fact was proven for hypersurfaces in [11], but it is true for higher codimension 
as well. For the reader's convenience, we present a proof. 

Proof. Write H{Z, Q = {(t)i{Z, Q, 02(-Z', C))? where 0i and 02 are C^'-valued holomorphic 
functions, and write p = {pi,P2) G C^~°' x C"'. As M is generic, it follows from the implicit 
function theorem that (after a possible rearrangement of coordinates) there exists a C"'- 
valued holomorphic function 9, satisfying 0{p,pi) = p2, such that for any Z sufficiently 
close to p, (^Z,pi,9{Z,pi)) G Ai. For any Z near p, define H{Z) := 0i (Z, pi, 6'(Z, pi)) . 
We claim that on Ai, H{Z) = 0i(Z, C). This is because (12.21) implies that for any Zq, 
0i(Zo,C) is constant for all C G S^o- A similar argument applies to 02- D 
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3. Reformulations 

In the remainder of this paper, we will assume, unless otherwise specified, that M C 
£rn+d ^ £n+e analytic generic submanifolds of codimensions d and e, 

respectively. We will further assume that M is given hy w = Q{z, z, w), where Z = {z, w) 
are normal coordinates, and M' is given by w' = Q' {z' , z' , w') , where Z' = {z',w') are 
normal coordinates. Thus, the complexification Ai (resp., Ad') of M (resp., M') is given 
hy w = Q{z,x,t) (resp., w' = Q' {z' , x' , t')) , where ( = (Xi^) ^ C'" x and (' = 
(x', r') G C" X C^. Unless otherwise specified, we will assume any HSPM TC sends (A^, 0) 
into {A4' , 0) and is given in the form 

n{Z,0 = {H{Z),H{0) = {f{Z),g{Z),m,g{0), (3.1) 

where / = (/^, . . . , /") and / = (/^, . . . , /") are C"- valued holomorphic functions, g = 
{g^, . . . , g^) and g = {g^, . . . , g^) are C^-valued holomorphic functions, and we write z = 
{zi, . . . ,Zm), w = {wi, ...,Wd),z'= {z[, z'J, and w' = {w[, ...,w'^) (similarly for x, 
r, x', and t'). 

3.1. Reformulation of Theorem 11.11 We begin with a technical definition. 

Definition 3.1. Let M C be of codimension d and M' C be of codimension 

e, and assume m > n. Let 7i be an HSPM. Let ^ = (//i, . . . , fin) for some 1 < /^i < 
. . . < fin < m and ly = {ui, . . . , z/„) for some 1 < z^i < . . . < z/„ < m, and assume that 

det ( 1^(0) ) ^ and det ( ^^^(0) ) ^ 0. Then we say that the map H 

l<k,l<n 



J ^<k.l<n, \ '^Xi^ 



W / l<k,l<n 

satisfies condition D^y. 

Let us note here that any given Ti may satisfy condition D^j, for several different fi 
and z/, as the following example illustrates. 

Example 3.2. Let M C and M' C be given by 

M = {\mw= + 2Re(23^i - ^3^2) - \z2?]. (3.2) 

M' = {\mw' =\z[\^ + \z'^\^]. (3.3) 

Note that M is of finite type at 0, and M' is finitely nondegenerate at 0. Let Ti be given 
by 

T-i-iz, w, X, r) = (zi + zs, zi- Z2, w, Xi - X2, X2 + Xs, 1") • (3.4) 
Then H satisfies condition D^^ for any permisssible /i and u. That is /i can be any one 
of (1,2), (1,3), or (2,3), as can z/. 

Our main theorem, from which Theorem 11.11 follows, is Theorem 13.31 Before we 
present it, we introduce some notation. Given an HSPM Ti, we can write 

J^H = {{m),<l<m,,<,<n^ (JoYh), (3.5) 
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where [j^yH represents the remaining derivatives of H at 0. Given any A G J(f^(C™+'^, 
C"'+^)(o,o), we will then write 

A= ((A^'')i<K^,i<,<,,A'), (3.6) 

where [Jq H)^''' is exactly /^^(O). We define a similar decomposition for JqH. This 
notation will be used several times in this paper. 

Theorem 3.3. Let M C C™"*"'^ be of codimension d and of finite type at 0. Let M' C £.^+<^ 
be of codimension e and k-nondegenerate at 0. Then there exists a positive integer K 
depending only on M and M' such that for each a = (cti, . . . , an) with 1 < cti < . . . < 
a„ < m and each (3 = {(3i, . . . with 1 < /5i <...</?„< m, there exists a C'^+'^- 
valued holomorphic function defined on an open subset of C"^^'^ x J'^(C™'^'^, C"'"^^)(o,o) x 
jK^^m+d^ C"+")(o,o) of the form 

$"''3(Z,A,r) = y V (3.7) 

V (det(A^'"Oi<r,,<n)^"''^(det(M)i<M<n) 

where i?"'^ are C'^'^'^ -valued polynomials and Sap-y and t^ii-f are nonnegative integers, such 
that ifT-C{ZX) = {H{Z), H{()) is an HSPM satisfying condition D^^, then 

H{Z) = ^^^'^{z,j^<{H),3^{H)), (3.8) 

H{0=Wr^((:.3^{H),3^{H)). (3.9) 

Furthermore, for any (Ao,ro) such that det(AQ"^)i<rj<„ ^ and det(rQ^^)i<rj<„ ^ 0, 
is holomorphic in a neighborhood o/(0,Ao,ro). 

Remark 3.4. It is implicit in the hypotheses of Theorem 13.31 that m > n. However, if 
we assume that m< even if the matrices (/^(O)) := (/l,(0))^<^<^^^<^.<„ and (/^(O)) := 

( (0)) , ^.^ have maximal rank, the theorem will not hold. Let M C be defined 

by M = {Im wi = |^ip,Im W2 = |-22p}- Let M' C be defined by M' = {Im w' = 
kiP + + ksP}- Then M is of finite type at 0, and M' is 1-nondegenerate at 0. For 
any positive integer r, define 

{zi, Z2, Wi, Wi + W2, Xi - 2zxin - 2ixi7"[5 X2; r{ + Ti, Ti + Ta - 2iTl - 2ir[+^). (3.10) 

Observe that Tir is an HSPM sending {M., 0) into (TW, 0) which is a biholomorphism near 
0. 

The proof of Theorem 13 . 31 will be based on arguments from [6j and Before proving 
the theorem, we first introduce a few lemmas. 
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Lemma 3.5. Let n{Z.X) = {H{Z),H{()) be an HSPM sending {M,0) into iM',0). 
Then n'{ZX) = {h{Z),H{C)] is an HSPM sending {M,Q) into {M',Q). 



Proof. Let pi, . . . , be defining functions for M, and let p'^, . . . , p'^ be defining functions 
for M' . For j = 1, . . . , e and = 1, . . . , c?, there exist holomorphic functions a-^ such that: 

d 

p){h{z),h{o) = Y,<iz,OPk{z,0^ (3.11) 



k=l 

d 



-p'^{H{O.H{Z)) = Y.ai{ZX)Pk{ZX)^ (3.12) 

k=l 

_ d d 

p;(^(Z),^(C)) = ^ai(C,Z)p,(C,Z) = ^ai(C,Z)p.(Z,C). (3.13) 

fc=l k=l 

Equations (13.121) and fl3.13p follow from the reality of the pj. The result follows. □ 

Lemma 3.6. Let M and M' he as in Theorem Vj.'J[ Then for any (3 = {Pi, . . . , f3n) ond 
a = (ai, . . . , a„), with 1 < ai < . . . < a„ < m, there exists a C^-valued holomorphic 
function 0^ defined on an open subset of C^f^ x C™"'"'^ x C"^~^'^, for some integer Kp, of 
the form 

P^'^iA) 
7,5 (det(AJ'°Oi<i,«<n) 

where t^p-ys are nonnegative integers and P^f are C^-valued polynomials, such that if H 
is an HSPM satisfying condition D^^, then for {Z, Q & A4, 

Q:4fiz)jio,m) = rp{jf{H),z,c), (3.15) 

Q'^,,{f{0,f{Z),g{Z)) = rp(jf\H)X,Zy (3.16) 
Furthermore, for any Aq such that det(AQ"')i<jy<„ ^ 0, 0^ is holomorphic near (Aq, 0, 0). 
Proof. For j = 1, . . . ,m, 

are vector fields tangent to Ai. Let z := {z^^ , • • • , Now we apply L^^ , ■ ■ ■ , L^„ to 

g{z,w) = Q'{f{z,w),H{x,r)) (3.18) 

to get (in matrix notation): 

g^{z, w) + Qs{z, X, T)g^{z, w) = 
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Mz, w) + Q,{z, X, r)fUz, {f{z, w),H{x, r)) (3.19) 

for all {z,w,x,t) G M.. By assumption, (/^(O)) is invertible, so near {z,w,x,t) = 
(0,0,0,0), we have 

Q',,{fiz,w),Hix,r)) = 

(^fz{z,w) + QB{z,x,r)fw{z,w)^ (^gB{z,w) + Q^{z,x,r)gy,{z,w)y (3.20) 
We claim that the right hand side of fl3.20p can be written in the form 

(det(/,(Z)))^'-^^' ^'-'^^ 

where each ^ is an n x e polynomial matrix and each s^^s is a nonnegative integer. This 
comes from writing the right hand side in the following way: 

(/i + QzU)-\g, + QzOu,) = (/ + fI^fu,Qir\f^'){gi + QzQu,) (3.22) 

The right hand side of f l3.22p has three factors. The last factor can clearly be written in 
the form 03.211) . as it is independent of det (/^(Z)). The second factor can be written 
in the form fl3.2ip since for any invertible matrix A, we can write as ^^^(adj A). 
The first factor can also be written in the form ^Mj- Indeed, as /ri(0)/^(0)Qi(0) = 0, 
then for (z, x, r) sufficiently close to 0, (/ + B)^^ = Y^'^Qi—^yB^, where we define 
B := f^^fwQz- We then use the aforementioned formula for the inverse of a matrix, and 
the claim is proved. 

We get fl3.15p from fl3.20p and fl3.2ip by inductively applying the Lj and utilizing the 
chain rule. To complete the proof of the lemma, we use Lemma 13.51 to see that (^H, 
sends M. into Ai' and satisfies condition -0,^^. So as we have seen in this proof, 

(/>),/(c),^(c)) = 0;;(jf (^),^,c)- (3.23) 

Taking the complex conjugate of this entire equation gives fl3.16p . and the proof of the 
lemma is complete. □ 

The following notation will be used in Lemmas 13.71 and I3.10[ Let M , M', and Ti 

be as in Theorem [331 We will write H = {{j^)"H, (^^^(Z)) |^|^^) , where {jf)"H 

represents the remaining derivatives of H at Z. Given any A G J|" (C™"'''^, C"^'^)(^^//(^)), 
we will also write 

A = (Ai,A2), (3.24) 
where {j§H)2 is exactly ((^^^(Z)) |^|^^. We do a similar decomposition for j^H. 
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Lemma 3.7. Let M and M' he as in Theorem \ 3.3[ For each jS = {pi, . . . , Pn+e) CLnd 
a = (ai, . . . , a„) with 1 < ai < . . . < a„ < m, there exists a 'C^^^ -valued function ^^^g, 
holomorphic on an open subset of C™"'"'^ x C™'+°' x C^'^ for some integer Kp, of the form 

C, A) = E .,,,,f:f^'''\w. ^^C^^^' (3.25) 

where P^f^{Ki) are C"'^'^ -valued polynomials and tap-ySn are nonnegative integers, such 
that ifTi is an HSPM satisfying condition D^^, then for {Z, Q E Ai, 

dPH{Z) = %{ZX.3t'^^\H)), (3.26) 



d^H{0 = %{C,Z,jl^\^\H)). (3.27) 
Furthermore, for any Aq such that det(AQ"')i<;^r<n 7^ 0, is holomorphic near (0, 0, Aq). 

Proof. As M' is A;-nondegenerate at 0, assume the vectors Q'I^^^i (0), . . . , Q^^^^n (0) span C" 

where each jk G {1, . . . , e}, each \aj\ < k, and Q' = {Q'^ , . . . , Q"^)- 13. 6[ we have for each 
{Z,OeM: 

QtUmJiZ),g{Z)) = (<J^(jf i(i^),C,^) 
Q'^^AmJiz),g{z)) = (CF(^"'(i^),C,^), (3.28) 

where 0^ = {{(paY, ■ ■ ■ , (0o)^)- Using this system of equations, coupled with the fact that 

normal coordinates for M' imply that Q'{x'j 0, nj') = Q'{0, z', w') = w', we can apply the 
implicit function theorem to find a map B'^ : C" x C" — > C"^^, holomorphic near 0, such 
that 

H{Z) = B-^(^m, (jK)^{t^H,C,z)^^^^^ y (3.29) 

Now we are going to write each (0^JJi C, ^) in a different form. For 1 < j < m, 

the following vector fields are tangent to Ai: 
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Apply Z^^,...,Z^„ to ^(x,t) = Q'{f{x,T)J{z,w),g{z,w)) repeatedly times), and 
apply Cramer's rule each time to see that for {z, w, x, r) E A4 and each I = 1, . . . ,e, 

Q',,,{f{x,T),f{z,w),g{z,w))= J2 , ,r A ^^ ^^-Sl) 

i<h\<m det(L,J^(x,r))^^^^^.^^ 

where each P^''- is a polynomial independent of M, M', and Ti. Notice that by assumption, 
the denominator is nonzero near {x,t) = (0,0). So we have 

^ ^ ' ' i<|7|<|/3| det(L,J~^(x,r))^<.^.<^ 

Substituting this in fl3.29p . we get 



, ~ , ^ (W(C))P,"''^M(^'/(C))i<|,|<|,,. , , 

H{Z) = B" /(C), y ^ . (3.33) 

' '1,1^1.1 det(L.J.(C)),,,^^.,„ 11^^ 



KKn/ 



If we Taylor expand, we can write the right hand side of fl3.33p as 



where we remind the reader that A2 corresponds to (^x"(C))) and Ai corresponds to the 
remaining derivatives of i/ at C. We claim that each A^^^ is rational. This follows from 
the fact that 

U~g{x, r) = g^^ix, r) + i?(jj^'(^), x, z, , (3.35) 

where is a holomorphic mapping which vanishes when x = 2; = to = 0. 

Furthermore, each v4^^^(Ai) is of the form given in the right hand side of (13.251) . This 
can be seen by Taylor expanding B'^ as given in (I3.29p and plugging in (13.141) . Define 

%{Z, C, A) := Al^^{l,)Z%Pll (3.36) 

This proves (13.261) for = 0. For \(3\ > 0, as every point in Ai is of the form 

[z, w, X, QiXi ^7 u)))^ we have that 

H{z,w) ^ % (z,u;,x,Q(x,^,«'),4,Q(^,,,^))(i^)) • (3.37) 
We inductively differentiate (I3.37p . applying the chain rule, and (13.261) follows. 
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To get fl3.27p . we know from Lemma [331 that (^H, sends A4 into A4' and satisfies 
condition D^,^. So 

a^#(Z) = vI/^(z,C,J^''"(i/)). (3.38) 
Take the complex conjugate of both sides of this equation, and the lemma follows. □ 

Now we define the r-th Segre mappings of M at 0. These maps were first introduced by 
Baouendi, Ebenfelt, and Rothschild in [3| and will prove extremely useful in completing 
the proof of Theorem 13. 3[ Given a positive integer r, let . . . ,t^~^ G C™ and define 
. Qrm _^ Qm+d ^^iq following Way: 

v^{t\...,f-'):={f,u^{t\...,f-')), (3.39) 

where u"^ : C^™" is given inductively by 

u\f) = , u'{t'',...,f) = Q(^f,t\^{t\...,f-')^ forr>2. (3.40) 

Definition 3.8. Let V and W be finite dimensional complex vector spaces. Let TZoi^ ^ 
W, V) denote the ring of germs of holomorphic functions / at V" x {0} in y x which can 
be written in the form /(A, F) = X]a^'a(^)r"; where each Pq{A) is a polynomial function 
on V. 

The following lemma is proved in [7]: 

Lemma 3.9. Let Vq, Vi, Vq, Vi be finite dimensional complex vector spaces with fixed bases 
and xo, xi, xo, 5;i be the linear coordinates with respect to these bases. Let p G C[xq] and 
p G C[xo] be nontrivial polynomial functions on Vq and Vq respectively, and let 

0=(0o,0i):Cx Voxri-^Hxyi 

be a germ of a holomorphic map with components in 7?.o(C x Vq x Vi, C x Vq), such that 

0(C X Vo X {0}) C Vo X {0}, and satisfying p ( (po ( — — -,xo,o] ] ^ 0. Then given any 



h e7lo{C X Vo X Vi,C X Vq), there exists h e 7lo{C x Vq x Vi,C x Vq) such that 

h I — — i ( — ^,Xo,Xi ) I = h I —^,xo,xi] , (3.41) 



with q{xo) := p(xo)V (^(^' ^O' /^'^ some positive integer t. Furthermore, h van- 
ishes on C X Vq X {0} if h vanishes on C x Vq x {0}. 

Lemma 13.91 will be key in establishing the following lemma. 
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Lemma 3.10. Let M and M' be as in Theorem \ 3.3[ Given any (3 = {Pi, . . . , (3n) o,nd 
a = (cKi, . . . , an), with 1 < /?i < . . . < /3„ < m and 1 < ai < . . . < a„ < m, and 

any positive integer s, there exists a C'^'^'^ -valued function ^"''^(a;, A, F) holomorphic on 
an open subset of C'"" x J"'=(C™+'^, C"+")(o,o) x J^*^(C"^+'^, C"+^)(o,o) of the form 

A, r) = y \^ ' x\ (3.42) 

^ ^ ' ' ^ ^gf^(A,r) ^ ' 

where each P"^** is a C"''^'^ -valued polynomial, and 

Qf'{A,T) := (det(A^'"0i<r,/<n)""''^'(det(r''30i<r,/<n)'"''^^ 

for some nonnegative integers u^p-ys ond Vap'ys, such that if Ti is an HSPM satisfying 
condition D^y, then 

H{v^{t\ . . .,f-')) = . . .,f-\jtH,jtH), (3.43) 



H{U^{t',...,t^~'))=Er{t',...,f-\ro'H,fo'H) . (3.44) 

Furthermore, for any (AojFo) such that det(AQ"')i<r,/<„ ^ and det{r^'^')i<r,i<n 7^ 0, 
S"''^ is holomorphic on a neighborhood o/ (0, Aq, Fq). 

Proof. We inductively prove something stronger. First, we simplify notation slightly. 
Define 

p^{Ai{Z)) :=det(A^'-"K^))i<.,K. , 

/(Ai(C)) := det(A^'^'(C))i<.,z<„, (3.45) 

where Ai is as defined in fl3.24p (Ai is defined in a similar way). We will show that for 
any 7 and s, there exist nonnegative integers a^^ and and holomorphic maps O^'^''*' 
with components in 

7^o(c X j'^'^+l^l(C'"+^C"+")(o,o) X j'^^+l^l(C™+^C"+")(o,o) x C"^^ 
C X j'=^+l^l(C'"+^C"+")(o,o) X J^^+l^l(C'"+^C"+")(o,o) 

such that 

dm{v'{t'',...,f-^)) = 
d^H{lf{t'^,...,t'-^)) = 



QT''' —z —,3l'^'^'H,jl'^'^'H,t\ . . . . (3.47) 
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First, we will use new notation to reformulate Lemma [3.71 Let j'^H = {j''^H, j''^H), 
where j'^H = (^(^^(Z)) |^|^^, and j'^H represents the remaining derivatives at Z. (A 

similar decomposition applies to H). According to Lemma [3.71 there exist maps 6^ with 
components in 7^o(C 
that for (Z,C) E M: 



7 

components in 7^o(C x C'^ x C^™'^^'^ x C't,C x C'^) (for some integers l'^ and I") such 



d^H{Z) = 0',\^ ^^^.^^^^^^^^ (3.48) 

d^H{0 = e^( jr'^ig,c,^J-r'"'g I- (3.49) 

It is easy to show that and (I33ZD hold for s = 1 by letting (Z, C) = ((^,0),0) in 

^Mj and (Z, C) = (0, (x, 0)) in flCTD . So now assume for some s > 1, (13.46^ and (13.470 
hold for s — 1. We will show they hold for s. 

For any s, it is clear from the definition of the Segre mappings that 



[v'if, t'-^),v'-^{t\ . . . , f-^)) G M. (3.50) 
Using this fact in (13.481) . we see that 



But by our induction hypothesis 



"'l>=-l(tl,..,t''-l) 

Vp'^(Ai(0))°- p^(Ai(0))'- //|A|<fc+H 

(3.52) 

For convenience, we write the tuple on the right hand side of (13.521) as [A, B) where B 
corresponds to ( g^c (t>*~i(t^, . . . , t'^^^)) j , and A corresponds to the remainder. We 

V ^ |a|<fc+|7l 

plug fl332|l into fl33TD to get 



d^H{v%f, . . . , f "!)) = e; (^^^, A, v^f, . . . , f-'),v^-^{t\ f-'), B I . (3.53) 
Thus, (13.461) follows from Lemma 13. 9[ 
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To finish the proof, we need only show f l3.47p . Here we apply Lemma 1331 which tells 
us that (^H, fl^ sends Ai into A4' and satisfies condition D^fj_. So by fl3.46p . we see that 

^T' { ,~ , , .31'^^'% h^^'^H, f,..., fA . (3.54) 

Vj9-(Ai(0))"-pA^(Ai(0))''- J 

As p'' and are polynomials with real coefficients, we take the complex conjugate of 
both sides of (1331) to see that IK^ holds true. □ 

We are almost ready to complete the proof of Theorem l3.3[ First, however, we present 
three lemmas. Lemma 13.111 can be found (using slightly different language) in [6] and is 
thus presented here without proof. Lemma 13.121 is a generalization of a lemma found in 
[7]. Lemma [3. 131 can be found in [7] and is presented here without proof. 

Lemma 3.11. Let M be as in Theorem \3.3[ Then there exists an integer r such that the 
matrix 

dv'^'^ 1 r-1 r r-1 1 ^ 

has rank m + d for all {x^, . . . ,x^) G U\V , where U C C'" is an open neighborhood of 
the origin, and V is a proper holomorphic subvariety of U. In addition, 

v^^'iO, x\..., x'-\x'-, x'-\ . . . , x^) = 0. (3.56) 

(Here, v"^^ is as defined in 1^3. 39\} .) 

Lemma 3.12. Let V : (C^ x ^^,0) (C^,0), > N, be a holomorphic map, de- 
fined near 0, satisfying V{x, = 0, with (x,^) G C^'^ x C^, and assume the matrix 

(^(x,0)) has anNx N minor which is not identically 0. Then there exist holomorphic 
maps (defined near 0) 

6: {r\0)-^C , 0: (C"^ X C^,0) ^ (e^0), (3.57) 



V (x,(j)[ x,-^ ]]=Z (3.58) 



with 5{x) ^ such that 

T/ I T lit \ nr 

5{x 

for all {x, Z) G C^^ x such that 5{x) ^ and both x and are sufficiently small. 
Furthermore, if V is holomorphic algebraic, then given any sufficiently small Xq satisfy- 
ing 6{xo) 7^ 0, the map ip^oi^) '■= (^^Oi 5(f^j ^■^ holomorphic algebraic for all Z in a 
neighborhood ofO. 
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Proof. Write ^ = {C, C"), where ^ = {^u ■ ■ ■ , Cn) e and ^ = (Cn+i, C^"^. 
Assume, without loss of generahty, that det (^^{x, 0) j ^ 0. We wish to solve the equation 

Z = V{x,^',0) (3.59) 

for As V{x, 0) = 0, we can write 

Z = V{x,C,0)=a{x,e)C, (3.60) 

where a{x, is an N x N matrix of holomorphic functions defined near 0. Furthermore, 
by expanding a(x,^'), we can write 

Z=Vix,e,0) = a(x,0)r+ ((0^^.(^,00 i<,<;v' (3-61) 

where each Rj{x,^') is an N x N matrix of holomorphic functions defined near 0. Define 
d{x) := det (^^{x,0)j . Using the fact that (adj(y4))y4 = det(y4)/ for any square matrix 

A, we multiply the far left and far right sides of (13.611) by b{x) := adj (a(a;, 0)) , noting 
that a(x, 0) = ||^(x,0), to get 

bix)Z - d{x)C' - b{x) {{i'fR,{x, O0i<,<N = 0- (3-62) 
Divide both sides of (13.62^ by d(xY, and substitute i' = and Z = to get 

h{x)Z - i' - b{x) UefR^ix, d{x)Oe) = 0. (3.63) 

\ / l<j<N 

By the implicit function theorem, there is a unique holomorphic solution ^' = 9{x, Z) 
defined near such that 9{0) = 0. Thus, the first part of the theorem follows by letting 
5{x) := d{xy and 

(P{x,y) := (^d{x)e{x,y),0), (3.64) 

for (x, y) G C^^ x C^. If V is algebraic, the last part of the theorem then follows from 
the algebraic implicit function theorem (see, e.g., ^). □ 

Lemma 3.13. Let Vq and V\ be finite dimensional vector spaces with fixed linear coordi- 
nates xo and xi, respectively. Let P^xq^xi, X) G TZoiyo x Vi x C,Vo) with P(zo,0,0) = 0. 
For a given integer I > 0, consider the Laurent series expansion 

p(^Xo,^,\^ ='^c^{xo,Xi)X'' . (3.65) 
Then Co(xo, 0) = 0, and for every z/ G Z, Ci, G 7^o(H x Vi, H)- 
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3.2. Proof of Theorem 13.31 Now we prove Theorem 13.31 Let r be as in Lemma 
IXm We take x = {x\...,x'') G C"" and y = {y'^ , . . . ,y'-^) G C™. Let L{x,y) : = 
(?/", x^, . . . ,x^ , x^~^ + y"^'^, . . . ,x^ + y^) and V{x, y) := v'^'^{L{x, y)). In Lemma I3.12[ we 
take ri = r2 = rm. From fl3.56p . we see that V{x, 0) = 0. Also, from Lemma [3.111 we see 
that the other hypothesis of Lemma 13.121 holds. Thus we apply Lemma 13.121 Let 5 and 
(j) be as given in the lemma. We plug these into (13.431) to see that 

H{Z) ^ (l (x, (x, ] , f,^''H, f,^'H] . (3.66) 



5{x 

We rewrite the right hand side of (I3.66P in the following way: 

H{Z) ^ S^;^ (^f.^'^H, f.^'^H, ^y^y (3.67) 

noting that the components of 

E^;" : j2'''=(C"+^C"+'^)(o,o) X j2'''=(C'"+^C"+")(o,o) X C™+'^ X C"™ ^ C"+" 
are holomorphic on an open neighborhood of 

J^rki^^m+d^^n+ey^^^^ ^ J^'^'^ (C'"+^ C"+'^) (0,0) X C'^+'^ X C^™. 

Now choose Xq G C™ such that 6{t) := 6(txo) ^ 0, for t G C. As H{Z) is independent of 
X, we can replace x = txo in (13.671) . There exists a smallest integer / such that ^^(0) ^ 0. 
To make our calculations easier, consider a holomorphic change of variable A = h{t) near 
the origin in C, where h is determined by S{txo) = \K So we now have 

Kr {j'o'''H,fo'-'H, |, a) := S^;^ (^f,'-'H,f,^''H, |, Xoh-\X)^ ^ H{Z). (3.68) 



Observe that the components of Si^^^ are in 



7^o(J2'■^(C'"+^C"+^)(o,o) X J2'^'=(C'"+^C 



2rk[(r<Tn+d (r<n+e\ ^ /rim+d 



1(0,0) 



X C'"+'* X C, 



J (L. ,(L )(o,o) X J ((L ,(L )(o,o))- 

To conclude the proof of the theorem, we expand the left hand side of (I3.68P as a Laurent 
series in A. Since H{Z) is independent of A, we can let H{Z) be the constant term of the 
Laurent series. By Lemma [3.131 and the form of Si^l!" given in (13.421) . we see that this is 
exactly of the form (13. 7p . 

Applying Lemma [3. 5[ we see that (^H, sends Ai into Ai' and satisfies condition 

D^^. From (13.81) . we have 

#(Z) = ^'^'^ (^Z,j^{H),j^{H)) . (3.69) 
Take the complex conjugate of this entire equation, and (13. 9p follows. □ 
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3.3. Reformulation of Theorem 11.51 . 

Theorem 3.14. Let M and M' he as in Theorem \3.3[ Then there exists a positive 

integer L, depending only on M and M' , such that for each a = (cti, . . . , a„) with 1 < 

«!<...< a„ < m and each (3 = {Pi, ... , (3n) with I < Pi < ■ ■ ■ < Pn ^ m, there 

exist C'^"''^'^'^ -valued holomorphic functions and ^2'^ defined on an open subset of 
^m+d X ^m+d X jL(^^m+d^^n+e^^^^^^ ^^^/^ ^^^^ ^ HSPM Satisfying condition D^^, 

then 

n{Z,0 = {H{Z),H{0) = $r(^,C,Jo^), (3.70) 

n{ZX) = {H{Z),HiC)) = $r(Z,C,Jo^i?). (3.71) 

Proof. We will prove fl3.70p . and the proof of (13.711) follows similarly. We will show 
inductively that there exist C""'"'^-valued holomorphic functions Bf'^''^ defined on an open 
subset of J'=^+ItI(C™+^C"+'^)(o,o) x C""^ such that 

d-^Hiv'it', t-i)) = B^^ U'^+I^l^, . . . , f , (3.72) 

5^^(^(t°, . . . , f-')) = W^U'^^'^g', t',..., f , (3.73) 

where Q = H and ^' = if s is even, and Q = H and Q' = H ii s is odd. 

For s = 1, we see that (l3T2l) and (l3T3i) hold true by letting (Z, C) = ((^,0),0) in 
( 13:261) and (Z, C) = (O, (x,0)) in (13:271) . For some s > 1, assume (13:721) and (13T3D hold 
for s — 1. Assume, without loss of generality, that s is even (a similar proof works for s 
odd). As (w"(t°, . ..,v'-^),v^{t^, . . .,t'"^)) G M, we see from ( 13:261) that 

d^H{v^{t\ . . . ,f-i)) = %(v^{t\ . . . ,f-i),^(t\ . . ■,f-'),3'$S[,._,...^H). (3.74) 

Using (13.731) . we see then that 

d^H{v\t\...,f-^)) = 

% {v%t\ . . . , f-'),^{t\ f-'), (WCijo^'-'^^^'^H, t\..., f-')) ^^^^^^J . 

'"'^^3.75) 

Now define S^''^'^(A, . . . , t'-^) to be the right hand side of (13T5D . with the jets of H 
replaced by the appropriate corresponding coordinates of A. 

Using Lemma 1331 we see that (^H, satisfies condition D^,^ and sends Ai into Ai'. 

So, we have from (I3.72p 

5^#(^;^(t°,...,f-i)) = (3.76) 

Taking the complex conjugate of both sides gives us (13.731) . 

Let r be as given in Lemma 13.111 We know from (I3.72p and (I3.73P that 

H{v'^{t\ t'^'')) = Bi^;^^\jrH, t\..., e^-') , (3.77) 
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H{v^r^^{t\ t'^)) = i?2r+? {fo'^-^'H, . . . , t'^) . (3.78) 
As v^^^{t^, . . . , t'^^, 0) = v\t^, . . . , t'"-*^) for any positive integer /, we see from Lemma [3 .111 



that the matrix 



■(0, x\..., x''-\ x", . . . , x\ 0) (3.79) 



^a(to,r+i,r+2,...,t2'- 

has rank m + d for all ( ) G U\V, for f/ C C^"^ an open neighborhood of the 

origin and V a proper holomorphic subvariety of U, and we also see that 

v^''+\0,x\...,x'-\x'',x''-\...,x\0) = 0. (3.80) 

We can now use (13.771) and (I3.78P to obtain (13.701) and (I3.7ip by following exactly the 
proof of Theorem 13.31 □ 

3.4. Reformulation of Theorem 11.71 

Theorem 3.15. Let M and M' he as in Theorem \3.3[. and assume that M and M' are 
real algebraic. If Ti is an HSPM satisfying condition D^^ for some fi and u, then Ti is 
holomorphic algebraic. 

Proof. An inspection of the proof of Lemma 13.61 shows that the 0^ as given in (I3.14p are 
holomorphic algebraic (as M is real algebraic). When solving the system of equations 
in (13.281) . apply the algebraic implicit function theorem to see that B'^ as given in (13.291) 
and (I3.33P is holomorphic algebraic (as M' is real algebraic). Thus, an inspection of the 
proof of Lemma 13.71 shows that the as given in (13.250 are holomorphic algebraic. An 
examination of the proof of Lemma 13.101 then reveals that the S"'^ as given in (13.420 are 
holomorphic algebraic. Finally, in the proof of Theorem 13. 3[ choose xq sufficiently small 
and satisfying 5{xq) ^ 0, and substitute x = xq in (I3.66p . By Lemma [3.121 we see then 
that H[Z) is holomorphic algebraic. Similarly, H{C,) is holomorphic algebraic. □ 

4. Proofs of Main Results 



In Section 1, we presented Theorem II. H Corollary 11.21 and Corollary II. 4[ all of 
which follow naturally from Theorem 13. 3[ We also presented Theorem II. 5| which is a 
direct result of Theorem 13.141 and Theorem 11.71 which is a direct result of Theorem 13.151 
In this section, we provide their proofs. First we make the following observations. 

Observation 4.1. If M C and M' C C^' are submanifolds of codimensions d and 
d', respectively, given in normal coordinates hy w = Q{z,x,t) and w' = Q' {z' , x' , t') , 
respectively, then an HSPM H = (/, g, f, g) sending (A^, 0) into (A^', 0) is Segre submer- 
sive at if and only if the matrices (/^(O)) and (/^(O)) have rank A^' — d'. This follows 
from the fact that a basis for the antiholomorphic vectors tangent to M (resp., M') at 
is given by : 1 < j < — c/} (resp., |^ : 1 < j < N' — d'^), and a basis for the 

holomorphic vectors tangent to M (resp., M') at is given by | ^ : 1 < j < — (i j 



PARAMETRIZATION OF HOLOMORPHIC SEGRE PRESERVING MAPS 



21 



(resp., : 1 < j < A^' - d'}), coupled with the fact that ^^^.(0) = ^^^(0) = for 

j = l,...,N-d. 

Observation 4.2. For p G C^, let : (C^,0) (C^,p) be a biholomorphism near 0, 
and for p' G , let 0' : (C^ ,0) — (C^ ,p') be a biholomorphism near 0. Then for 
any nonnegative /, there exist vector-valued polynomial functions Fi and Gi such that if 
h : (C^,0) — » (C^ ,0) is any holomorphic map, and h : {C^,p) (C^ ,p') is given by 
h := (p' o h o (f)-\ then f^h = Fi{i\^h) and j^h = Giijfh). 

4.1. Proof of Theorem 11.11 Theorem 11.11 follows from Theorem 13. 3[ Observation 14. H 
and Observation 14. 2[ We leave the details to the reader. □ 

4.2. Proof of Corollary 11.21 Without loss of generality, assume p = 0. As M = M', 
it is clear from the statement of Theorem 13.31 that we can can choose r = 1 in Theorem 
11.11 Do so, and define $ := $i as given in (11. 2p . It then follows from Theorem 11.11 
that iJq is continuous and injective on Autc(A^,0). To show that {i]q )~^ is continuous 
on r/^(Autc(A^,0)), let A^, A^, Aq, Ao e G'g(C^) and assume (Aj,Aj) G r]^ {AutciM,0)) 
converges to (Ao,Ao) G rj^ {AutciM,0)). Theorem O tells us that {rj^y^ (Aj , Aj) = 
(<I>(Z,A,-,A,),$(C,A„A,)) and {r]l^y\Ao,Ao) = ($(Z, Aq^Aq), $(C, Aq, Aq)). Further- 
more, ^{Z, A, A) is holomorphic in a neighborhood of (0, Aq, Aq) and thus continuous, and 
$(C, A, A) is holomorphic in a neighborhood of (0, Aq, Aq) and thus continuous. Therefore, 
[rjQ)~^{Aj,Aj) converges to (?7^)~^(Ao, Aq). It follows then that 7]q is a homeomorphism 
from Autc(A<,0) onto r/^(Autc(^, 0)). 

We now show that 77^ (Autc(A^, 0)) is a closed, holomorphic algebraic submanifold 
of G'^(C^) X G^{C^). Let piZ,Z) be a defining function for M. Write C = ((1,(2) e 
(j-^7v-d ^ (^d^ where d is the codimension of M. After a possible rearrangement of coordi- 
nates, as M is generic, there exists a holomorphic map 9 : x C^~'^ satisfying 
9{0) = such that for all Z and (i sufficiently close to 0, {Z,(i,9{ZXi)) ^ -M. Given 
(Ao,Ao) G G'^(C^) X G'^(C^), (Ao,Ao) G rj^ {Antc{M,0)) if and only if the following 
three conditions hold: 

Ao= (5,(Ao,Ao))|^l<^ (4.1) 
Ao= (SV(Ao,Ao))|^l<^ (4.2) 

p(<l>(Z,Ao,Ao),$(Ci,^(^,Ci),Ao,Ao)) =0, (4.3) 

where are the rational coefficients in the Taylor expansion given in (11. 2p . Equations 
(14. ip and (14. 2 p can be expressed as a finite set of polynomial equations in Aq and Aq 
as each S-y is rational. Equation (14. 3 p can be expressed as an infinite set of polynomial 
equations in Aq and Aq. This can be seen by noting that $(0,r,A) = and ^(0) = 0, 
and by noting the form of $ given in Theorem 11.11 
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Thus, we see that r7^(Autc(^,0)) is a closed, holomorphic algebraic subvariety 
of the space Gq{C'^) x G^{C^) as it is given by the vanishing of a set of polynomial 
equations. To see that it is actually a submanifold, we first note that it is a subgroup 
of G^(C^) X G'^(C^) as multiplication can be defined in the following way: given any 
(Ai,Ai), (A2,A2) G ?7|^(Autc(A1, 0)), let TCi and TC2, respectively, be the corresponding 
automorphisms in Autc(A1,0). Now compose Hi and TC2, and apply tJq to this compo- 
sition. Under this multiphcation, ?7^(Autc(A4, 0)) is a closed subgroup of the Lie group 
Gq{C'^) X Gq(C'^), and is thus a Lie subgroup (see, for example, [Mj)- D 

4.3. Proof of Corollary 11.41 Before proving Corollary I L4[ we present a simple lemma 
which involves only basic linear algebra. 

Lemma 4.3. Let A = (aij) be a d x d invertible matrix, where each aij G C. Let 
bi,...,bd G C. Let Bi be the matrix gotten by replacing row m of A with {ami + 
61 , . . . , amd + bd) and B2 be the matrix gotten by replacing row m of A with {ami — 
61, ... , amd — bd). Then at least one of Bi or B2 is invertible. 

Proof. Without loss of generality, assume m = 1. Let An := (—1)"^^ det Mn, where M„ is 
the {d—l)x{d— 1) matrix gotten by deleting the first row and n^^ column of A. Assume 
that det Bi = det B2 = 0. Then expanding along the first row of Bi gives 

(an + bi)Ai + ... + {aid + bd)Ad = 0, (4.4) 

and expanding along the first row of B2 gives 

(an - bi)Ai + ... + {aid - bd)Ad = 0. (4.5) 

Adding fl4.4p and (14. 5 p gives 2aiiAi + . . . + 2aidAd = 0. However, this implies that 
det A = 0, a. contradiction. □ 

We now prove Corollary 11.41 Without loss of generality, assume p = 0. Let r(A, A) = 
(ri(A, A), . . . ,rs(A,A)) be a defining function for jjf (Aut(M, 0)) as a real algebraic sub- 
manifold of Gq{C^), where A G Gq{C^) (we refer the reader to Remark 11.30 . The 
complexification of this submanifold, C{j(f'(Aut (M, 0))}, is thus a complex submanifold 

of G^(C^) X G^(C^), given by the vanishing of r(A, A), where A G G^(C^). Let p{Z, Z) 
be a defining function for M. As M = M' , it is clear from the statement of Theorem 13.31 
that we can can choose r = 1 in Theorem II. 1[ Do so, and define $ := $1 as given in 
(11. 2p . From Theorem ll.il we see that for any A G Gq{C^), 

p($(Z, A, A) , $(Z, A, A)) = A{Z, A, Z, A)r(A, A) + B{Z, A, Z, A)p{Z, Z) , (4.6) 

where ^4 is a real analytic dx s matrix, and S is a real analytic dx d matrix. Complexify 
to get: 



pi^Z, A, A), $(C, A, A)) = A{Z, A, C, A)r(A, A) + B{Z, A, C, A)p(Z, C). (4.7) 
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Notice that (14.71) gives us exactly what we want. This equation says that if (A, A) e 
C{i^(Aut(M,0))}, then ($(Z, A, A), $(C, A, A)) e Autc(A<,0). Now we need only show 
that 

r/o^($(Z,A,A),$(C,A,A)) = (A,A). (4.8) 

We have the equations: 

fe$(0,A,A)) =A + C(A,A)r(A,A), 

(dim A, A)) = A + C(A, A)r(A, A), (4.9) 
for C a real analytic matrix. Complexify these to get: 

fe<l>(0,A,A)) =A + C(A,A)r(A,A), 

\ / \a\<K 

f9"$(0,A,A)) = A + C(A,A)r(A,A), (4.10) 

V / \a\<K 

and the first part of Corollary 11.41 is proved. 

As we are assuming p = 0, we take Id = Id' in Corollary 11.41 To prove the second 
part of Corollary 11.41 first we show that near {Id, Id), tJq (^Avitc{Ml , 0)) is a complexified 
submanifold. In other words, ?7|^(Autc(A^, 0)) = CR, where i? is a real submanifold 
of Gq{C^) (here, CR denotes the complexification of R). We know from Corollary 11.21 
that r/J(Autc(-M,0)) is a complex submanifold of G^(C^) x G^(C^). Near {Id, Id), let 
si(A,A), . . . ,sj(A, A) be defining functions for rj^ {Antc{M,0)). We will assume without 
loss of generality that these functions are defined on a ball B of sufficiently small radius 
centered at {Id, Id); this way if (r,A) is a point in B, then so is (A,r) and (A,r). Now 
we set 

s,-(A,A) := s,{A,A) + §j{A,A) (4.11) 
or 

Sj{A,A) := iSj{A,A) -zlj(A,A). (4.12) 

We choose between options (14.111) and (I4.12p as follows. Start with j = 1. From 
Lemma 14.31 we can replace Si with one of the above Si, and in at least one case the 
differentials of Si, §2, ■ ■ ■ , St will be linearly independent near {Id, Id). Choose Si so that 
this is the case. Now do the same thing for j = 2, then j = 3, and so forth. Let TZ be 
the submanifold defined by si(A,A) = . . . = Si(A, A) = 0. If (A, A) G r]^ {Antc{M , 0)) , 
then from Lemma 13751 (A, A) G r^^f (Autc(A1, 0)). Thus, Sj{A,A) = 0, which implies 
that Sj{A,A) = 0. In other words, near {Id, Id), r]^{Autc{M,0)) C 7^. But these two 
submanifolds have equal dimensions. So we see that, in fact, ?7^(Autc(^, 0)) = 7^ near 
{Id, Id). 
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Now we need only show that TZ = CR for some real submanifold R C G^(C^), and 
we will have proved our claim. Let 



Clearly i? is a nonempty set as it contains the point A = Id. As each Sj is a real function, 
and the differentials of Si,...,St are linearly independent, it follows that R is a real 
submanifold. ^ ^ 

From Theorem [HH we see that if {H,H) G Antc{M,0) and jo{H) = i^(^), we 
must have H = H. Thus, near [Id, Id): 

C{jo^(aut(M,0))} n {A = A} = r]^{Antc{M,0)) n {A = A} = Ci? n {A = A}, (4.14) 

implying that j^(aut(M, 0)) = R. Thus their complexifications must be equal as well. 
That is, near (Id, Id), C{i^(aut(M, 0))} = r/^(Autc(A^, 0)). But both of these are 
algebraic holomorphic submanifolds. So if they are equal near {Id, Id), then using the 
notation given in the statement of this corollary, we must have B = C. 

The third part of the corollary comes from the fact that ?7|^(Autc(A^, 0)) is a Lie sub- 
group. Thus, each of its connected components is a coset of B. Since C{j,f (Aut(M, 0)) } C 
7],^ ( Autc ( , 0)), and they are both algebraic holomorphic submanifolds, each component 
of C{jQ (Aut(M, 0)) } is exactly equal to one of the components of r7^(Autc(A^, 0)). Alge- 
braicity implies that there are finitely many such components. □ 

4.4. Proof of Theorem 11.51 Theorem 11.51 follows from Theorem 13. 14[ Observation 14. H 
and Observation 14. 2[ We leave the details to the reader. □ 

4.5. Proof of Theorem 11.71 As M and M' are real algebraic, they have real analytic al- 
gebraic defining functions . When M and M' are expressed in normal coordinates, the new 
defining functions can also be chosen to be real analytic algebraic. This follows by using 
the algebraic implicit function theorem in the derivation of the the new defining functions 
(for precise details on deriving normal coordinates and the algebraic implicit function the- 
orem, see [S]). Furthermore, if Z = f{Z) is a holomorphic algebraic change of coordinates, 
then ip~^ is a holomorphic algebraic function (this is also a direct consequence of the alge- 
braic implicit function theorem). Thus, Theorem 11.71 now follows from Theorem 13. 151 and 
Observation |1]TJ □ 

5. Examples: HSPMs and Automorphism Groups 

For n > 1, there exist M, M' C C""*"^ defined near such that there exist no holo- 
morphic maps H satisfying: 



R:={K: Si(A,A) 



Si(A,A) = 0}. 



(4.13) 



H is invertible near 0, H{M) C M' , H{0) = 0, 



(5.1) 



yet there exist HSPMs satisfying: 



n is invertible near 0, n{M) C M', H{0) = 0. 



(5.2) 
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Example 5.1. For n > 1, let (zi, . . . , Zn, w) and {z[, . . . , z'^, w') be coordinates on C""*""^ 
and define 

M = Ihn w 




M' = l\mw' = 

I i=i 

where ej,aj G { — 1,1}. Both M and M' are of finite type and finitely nondegenerate 

at 0. If 'Yjj J2j 5 then there are no holomorphic maps satisfying criteria flS.ip . 

(Indeed, M and M' have different Levi signatures at 0.) However, for a,Cj G C\{0}, the 
family of maps given by 

T-C{z,w,x,'r) = 

aCTi CKTn-l CLCTn 

€\C\Zi , . . . , 6n— iCn— l^n— 1 i ^nCn^n i (^'^ ; Xl ) • • • ) Xn— 1 i Xn j Q,T 

Cl Cn— 1 Cji 

satisfy criteria (15.21) . 

This can also occur in as the next example illustrates. 
Example 5.2. Let M, M' C be given by 

M = |lm w = \z\^ + 2Re[z^z'^{l + iRe w)]^ 

M' = jlm w' = \z'\^ + 2Re[z'^z'\l - ^Re «;')]}• 

Notice that M and M' are of finite type and finitely nondegenerate at 0. It can be shown 
([10]) that there are no maps H satisfying criteria (15. ip . (Indeed, as M and M' are in 
Chern-Moser normal form, the fact that the coefficients i and —i are unequal implies that 
there does not exist a holomorphic map H satisfying criteria (15. ip .) However, it easy to 
check that the HSPM H{z, w, x, r) = {iz, —w, ix, —t) satisfies (15. 2p . 



Now we will look at some examples of automorphism groups. In Example 15. 3[ we 
find that C{j^(Aut(M, 0)) } and r/^(Autc(X, 0)) are equal. 

Example 5.3. Let M be the Lewy hypersurface of C^. It is given by 

M = {Im w = 

We note that M is finitely nondegenerate and of finite type at 0. It can be shown (see pQ 
for the calculations) that every holomorphic Segre preserving automorphism of at is 
of the form 

a{z + I3w) aaw 



(7 + ipf3)w - 2iPz 1 - (7 + i(3(3)w - 2i(3z ' 
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where 7, /3, /? G C and a, a G C\{0}. Also, every automorphism of M at is of the form 
jj, a{z + (3w) \ 

where a G C\{0}, /? G C, and 7 G M. The automorphisms in (15 ■4p follow directly from 
the automorphisms in (15.31) . but those in (15.41) have actually been known for some time 
(see yiQj). 

We see from (El and (IMD that C{if (Aut(M, 0)) } = ?7^(Autc(A<, 0)). Indeed, let 
(A/, . . . , AL, Af , . . . , A^^, a/ . . . , A/;, A|, . . . , Af J be coordinates on ^^(C^) x ^^(C^), 
where A{r^s corresponds to j-fq:^, ^l^w" corresponds to g^rg , ^x''^" corresponds to 
Q^rQ:^s ; and A^r^s corresponds to ■§^q^- Then (15. 4p implies that Cj^Q (Aut(M, 0)) } is 
given by 

A9 = A9 = A-^A-'' A^ - A^ = 2?A-^A-^ A^ = 2?A-^A-^ A-^ = A-'' = 2? 

Ai A( 

^/ _ ^^ww^y^ ^ _2iA^A^ A^ = lin A^ = -2^-^^ A-^ = " 
A/A/' ^^ ^^V^-^V ^/'^V A{ ' A^Af 

Af = AL = A| = A|^ = o|. (5.5) 

It follows from (15. 3p that rjl{k\xic{M,Q)) is also given by (15. 5p . 

What is more interesting, however, are submanifolds for which C|j,^(Aut(M, 0)) } 7^ 
r/o^(Autc(A^,0)). 

Example 5.4. Let M C be given by 



M 



jlm w = + (Re ^^)|^p}. 



Notice that M is finitely nondegenerate and of finite type at 0. In [3], it is shown that there 
are only two automorphisms of M at 0, namely Hi{z, w) = {z, w) and H2{z, w) = {—z, w). 
Thus, C|j,f (Aut(M, 0)) } also has only two elements. However, the group of holomorphic 
Segre preserving automorphisms of at (which according to Corollary 11.41 necessarily 
consists of a finite number of elements) contains at least four maps: 

^1(2;, A, 7-) = (2;,«;,x,t), 

n2iz, w, X, t) = {-z, w, -X, t), 

T-(-3{z, w, X, r) = {-z, -w, X, -^), 
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l-ii^z, w, X, r) = {z, -w, -X, -r). 

In the next two examples, we will compare (Autc(A^, 0)) and C{j(f (Aut(M, 0)) } 
for the family J-' given by 

= |m = {Im w = cil^l^" + C2|z|^"} 1< m < n, \ci\'^ + jcsl^ ^ o|. 

(We exclude the Levi flat case, M = {Im w = 0}, as there is no finite jet determination 
for this M.) Notice that each submanifold in JF is of finite type and finitely degenerate 
at 0. 

Example 5.5. Assume Ci ^ and C2 = 0. It can be shown (see [T] for the calculations) 
that any holomorphic Segre preserving automorphism of TVI at is given by 

n{z,w,x,r) = {f{z,w),g{z,w)J{x,r),g{x,T)) 

az a^aP^w ax a"^a"^T\ 

"s/l + aw ' 1 + aw ' + ' I + ar J ' 

where a,a E C\{0}, a G C, and / and / are expressed in terms of any branch of the m*^ 
root. 

It immediately follows that any automorphism of M at is of the form 

Hiz,w)=(^^,^), (5.7) 

where a G C\{0}, a G M, and / is expressed in terms of any branch of the m*^ root. 

In this (Autc(A1,0)) = C{jo (Aut(M, 0)) }. Indeed, from (15. 7p . we see that 

C{j^(Aut(M,0))} is given by 

{A^ = Af = (A{)™(A/r , = 2m(A{)-i(A^rAL , Mr = 2m{VX-\HrHr , 

Ai = AL = AL = Af = AL = AL = At = aI = a{^ = A| = A^ = A|^ = O} . (5.8) 
It follows from (15. 6p that (Autc(A<, 0)) is also given by (15.81) . 

Example 5.6. Assume Ci,C2 7^ 0. It can be shown (see pjj for the calculations) that any 
holomorphic Segre preserving automorphism of at is of one of the following n — m 
forms: 

Hciz, w, X, r) = (^az, d^w, ^x, c'"^) , (5.9) 

where a G C\{0} and c G |e"-^ :r = 0,...,n — m— l| (i.e., c is a primitive (n — m)*^ 
root of unity). 

It immediately follows that any automorphism of M at is of the form: 

H{z,w) = {e'^z,w), (5.10) 

where ^ G M. 
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Thus, we see from f lS.lOp that C{jo (Aut(M, 0)) } is given by 

{Ai = K = l, A{Ai = 1 , A{ = A{ = Af = A| = 0} 

and thus has positive dimension. For n = m + 1, (\5.9\i imphes that C{jq (Aut(M, 0)) } = 
r/^(Autc(A<,0)). Forn > m+1, however, C{jo^ (Aut(M, 0)) } g r]l{AutciM,Q)). Indeed, 
we see from (15.91) that ?7Q(Autc(A1, 0)) is equal to the disjoint union of exactly n — m 
distinct cosets of (Aut(M, 0)) }. 
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